Jear $irs

I send you seme results of my master theisis( Theorem 3,
Theorem 4,Theorem 5 and a counterexampic).

The correetness of the counterexampie was atitested

by Pror. Rivest from tne M.1.T. (see page &)

If you tnink the results are worth publishing,

piease fet me Know

sineerely

(. Lo

Carl-Heinz Barner
steigstr 2
T441 Unterensingen
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Sufrieient Condaitions For Exhaustive Boolean Funciions

Abstract:

Nortert Illies discovered a counterexample to the generalized
Aanderas-Rosenberg Conjecture.

When we want generasize this counterexample such that(how in
the counterexample of lllies)is:[”(P):)Cd=<<ei>
{ESx(m1,...gmi) is & permutation in eyelic representation
that creates the eyelic group Cd) then we have: dgﬁB

This roliows by the main thecrem 3 of this work.

Theorem 4 and 5 are suiticient conditiosns for exhaustive
Boolear functions.At last I will still show the incorreciness
ol a published proof.

The following resulits,cefinitions etc refer to thne article
Yon recognizing grapn properties from adjacency matrices"

in: Yheoretical fomputer Seience 3 (1976) 271-384

(authors: Rivest/Muillemin)

ana the article ™A counterexample to the generalizmed
Aandera-Rosenpery conjecturs™,in Informeting Procescing
Letters ,Volume 7,number 3 apri: 1978




Introduction.

Ve denote by P {O,T}d~+{0,1} HBoolean tunctions,weitn x.:(xd,...,x¢)
vecturs rrom 10,1} Q.denotes tie veopor consisving of & zeros, t the
vecstor consisting oi & unes.

Z.41s tne set of all vernutations on {1,2,f6»,d} and is called the
symectric group on {1,2,..,,d}

s subgroupl of Tuis called transitive iff for all i,j€& {1,...,@}
there is o permutation Gel” with & (i)=j, Let P: {o,?}d-+{0,1}

be & lonetion, x e {O,i}d a vector end B x)i=(x Xy eeesX

Then the set of permutations fﬁ(P)::{t:eE;leeﬁ%4fmgu}=pkiﬁf

is called tnc stabilizer or P, [M(P) is a subgroup of 7,

The set of vectors xD(PFi= {yefoM!Icert) wih Siyh= x}

is called the orbit of x under [1(P)

lecision trees:

Let T be =& binary tree with each node veT labelled wit} :
Hv)e f?,...,d} if v is an internal node and 1{v)e {O,?} if v is
a leaf, &

Tne funetion £{7): {0,1} —9{0,1} realized by T is defined in the
usual way.

P(left subtree of T)(x) if x =0

; s : . o Mreot of T

F(Tﬁ(x)m P{right sub?ree cf T)(;) if Xiu;fﬁT)a4
l{root of ¥, if T consists of a singie node

we introduce & shorthand notation for deeision treea:
a bracketed leaf (Jysevesds /) 8tands for
A4

Ax

A/'-'/\,l 4
RN

where {f,, .00, 1) ={1e {1,000,a} 483 ,000,5, and 1 is not & lable on
the path from the root to the lesf (34,...,j5
The weight wix) of & vector x is the number of ones in x

WolPlee {30 1P =4 A wtdi=i} w08 o= LWL (B

F4(~4):x T Q(P)"" E WD(F)
YY)
&

4 eveh &
csjed sj4d

rheoren l{even-odd-~ballance A
If P is not exhaustive then P (-1)=0

Theorem Zi{kivest-Vuillemin) 2 ‘ .
Any transitive Boolean function P: {U,i}—~f[u,ﬂ suech that p is a
primepower d=p" and P(G)*P(1) ig exhaustive ]

{any decision tree that realizes P has at least depth a)




E?=Lm yeeesiy ), where m, e{?,...gc} is & permutation in eyclic
representation. st Denerates the group u&-«(6> We say
Py 0 is & period of « d-biv vector x Vlawzlifsg(x) =X
Pl %) denotes the smallest peicd of the d-bit vector x via &

Yheorem %
Let £ denote the smallest set of natural numbers such that
(i) 1€ B eand
(ii) if ne E and g prime and gy 2",
then n-qKé B for ail natural numbers k

+f P:{u,?} 0, 1} ,de E,is a coclean runction with F‘kP):cd,
Ld=<(n%,...,m > . (O)#*(1) then P is exhaustive.

proof:

We have to snow P (-1)40 (even odd ballance)
We prove the roilowing statement 5(n),ne B

& (n):

¢::>
Ir Q: {o,1}" —{0,1} is a Boolean Iunctlon \nafﬁ(q):>u
Cpi= <(r1,...,r > ,a(o)sqt, thea @'(-1,%u
by incuction

inductive basis :iékif trivial
‘ i n-4

by inductive basis we nave ::5(n),ne E,g prime,q% 2

iladuchive statement ;.gin»qkj,ke;N,(d:=n-qK)
1t 15 encugh to show:

n-~4

If g(n),ne E,n0 prime,q> 2 ;A% 2  then é(n-q“),kei\i
The following statements are easy to show:

@) Ife = (m,g...,ma), Cy= <{&%,ant x is a d-p1t vector
then  p (x)= !Ci(x)

[) p 1s & period of & d-biv vector x via o iff p_(x)| p




® If ©=(My,...,ma), Ca=< %> and Cacl7tP).  then

L J we =L J Cas ()

j even {xIP(x)=1 dnd
0.‘.J$d wix? aven }

similar we have for w(x) odd

® - I’E ":w(m,,...,m,;. Ca=< &>, and Z.-.--{zé{n 1}=!=a==<z>~z}
no2={0,1) ,d=n. " | |
?hcn

cP: Z‘-—ti; wztf’i' tp (z;,...,z«):ﬂ(zm‘ yece9Zm,)
Ond (21'-111’2“) tg?(ZI,---,ZQ) ’
is bijective

Qe define : mr=Zu—*°{°.1} with P'(z' )=P(z2)

@ if. Cu={?> dnd t;;=(m;,....me¢) then
Co GONCuly) =g or Culx)=Cqly)

® 1f (catz)ldn, z€{0,1d%, d=n.q~, q prime
then : q | [Catz)]

@ it
G=(MmayuneyMa), ¥ =(Msy0n.,mp), Ca={B), Ca=<y >,
ICatx) | n thenr ICatx)l = |C. (' ) {

[exwi] = Y ix'

kow we prove tnat P‘(-U#O

PL(w1) = EE wiy(P) - :EE W {P)

J even 1 od4
0<jsd 0sisd
== Juweel - > wee)
Jj even J odé
0¢jsd 0:jsd
[ Juwae ] - [ Jwee |
Jj even i odd
0sjsd 0sjsd

L




= ‘I J Cd(X)l - lL J Cu(x)(

{x | P(x)=1 {(x! PLuoy=1
wix) even . wix) odd
= | } Catx) U | JCa Xl = || J Ca(x) U | ) Cas (01
K‘n; ){&Mz Kéﬁa Kéﬁq

Mi={x | P(x)=1,w(x) even , ICu(x)] | n}
Mza={x | P(x)=1,wlx) even , (Caix} 4+ n)
Mx={x | P(x)=1,w(x) odd s et I n}
«={x | P{x)=1,wix) odd y Catxd 4 n}

there exist vectors Xe €My, me. A, such that

L J Catxm) =(___ | Cd(}()’
me _A.x e My

and if m,, m=z, mitm= then " Ca (Xn 1 #C o (e, )

similar we have for A, =z, Az N ay)

= || | Calxm) U | CaGtm) |

ne. A, meg A=
- I L.J Calta) W L_JCu(K.h) ‘
me = me_A.a
= E |Ca )] + 2> [Ca txm) !
me. A me A=
- 5 ICattm)l - > [Ca (Xm)]
me . \.= me&_A a
= c.q + E IC.,(M...N - E §C¢(xm)l
[ me A1 me& As
®
= Cc.q + 2 T (i)l = E ICA () |
me A, me.A

= c.q + l l ,C.-.{xim) '- IL___JCn(x:..) '

me A meAs

b}




S .;.he iollowlnb 2 stdtementb are easy to show

. L__.J Cn (Xm) = L J Cntyd

m E-/\.: _ g {vl P! (y) =1 (slmllar we have.
' ' _ wiy) even 1} for Az '

notiece: w(xm)nw\x:n).q“.b‘in&e 9> 2 we have:
W{Xp) €ven iff w(Xxm) even

@  If Pis a Boolean function 1

. .6=(m1‘---’md)g x._(ml.qﬂii"mﬁ) Cd=<6 }’ C"#l(x'}
P(OI#P (1), [ (P} Ca, d€ E, and % (n) :
“then - . P'1(-1)40

o

""Now we have

' - 20 see @
o { \
: 1
Pri-l)=coq + == ____ w, Py = > _ watP'y 20
o j even j oad
0$jsd 0%igd | =
3= ~ J L .y =:u
€ Lo, &(o,q)
since 0sgs2r—icq and 0fui2r—1igg ,
nes o
€ ("‘i;‘!)

o
O
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Laboratory for Computer Science

M.L. Dertouzos, Director R.L. Rivest and A. Vezza, Associate Directors 545 Technology Square, Cambridge, Massachusetts 02139
(617) 253-

1 April 1985

Mr. Carl-Heinz Barner
Steigstr. 23

7441 Unterensinger
WEST GERMANY

Dear Mr. Barner:

In your example we have

r(Q) #TI(r)/o

an interesting oversight on our part. I don't know if it is possible to

show that T'(Q) will still be transitive and abelian in all cases; perhaps
not.

Please let me know what you discover, and thanks for pointing out
this oversight.

Sincerely ’Z A

Ronald L. Rivest,
Professor of Electrical Engineering
and Computer Science

RLR/jdm



